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ABSTRACT. We introduce the concept of (I,.J)-coweakly Laske-
rian modules and study their properties concerning to local co-
homology modules with respect to a pair of ideals. We also study
some properties of the local cohomology modules with support con-
tained in Max(R) and the relationships on the weakly artinianness
of the modules H}‘J(M) and HE(M).
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1. INTRODUCTION

Throughout the paper, R is commutative Noetherian ring with iden-
tity. Let I, J be ideals of R and M an R-module.

In 2009, Takahashi, Yoshino and Yoshizawa ([I0]) introduced local
cohomology modules with respect to a pair of ideals which is an exten-
sion of the local cohomology modules of Grothendieck. The submodule
[y s(M) of M is defined as

Liy(M)={xe M| It C Jx for some n > 0}.

The functor I'; ; is left exact, covariant, R-linear from the category of
R-modules to itself. For each i > 0, the i-th right derived functor of
I';. s is called the i-th local cohomology functor with respect to (I, .J)
and denoted by Hj ;. Note that if J = 0, then Hj ; coincides with
Grothendieck’s local cohomology functor H?.

In 2014, Abbasi, H. Roshan-Shekalguorabia and Rasht in [I] intro-
duced a new Serre class of R-modules which contains the class of weakly
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Laskerian modules and the class of I-minimax R-modules. The authors
defined M to be an I-weakly Laskerian R-module if for any submodule
N of M the set Assg(I';(M/N)) is finite, and give some properties of
I-weakly Laskerian modules. They proved that if M is an [-weakly
Laskerian R-module and ¢ is a non-negative integer such that Hi(M)
is I-weakly Laskerian for all ¢ < ¢, then set of associated primes of
HEY(M) is finite.

The purpose of this paper is to introduce the concept of (I, .J)-
coweakly Laskerian modules and study some their properties concern-
ing to local cohomology modules with respect to a pair of ideals. Then
we have a result that relates to the finiteness of the associated primes
of Hj ;(M). We also have some results on the weakly artinianness of
the modules Hj ;(M).

The organization of the paper is as follows.

In the next Section, we introduce the concept of (I,J)-coweakly
Laskerian modules. An R-module M is called an (I, J)-coweakly Laske-
rian R-module if Suppy (M) C W (I, J) and Ext’(R/I, M) is J-weakly
Laskerian for all 7 > 0, where

W(l,J)={p € Spec(R) | I" C p+J for some n > 0}.

We will see in Theorem that if Extly(R/I, M) is J-weakly Laske-
rian for all > 0 and 7 is a non-negative integer such that Hj ;(M) is
(1, J)-coweakly Laskerian for all i # n, then H} ;(M) is (I, J)-coweakly
Laskerian. Theoremshows that if Hi J(M)is (1, J)-coweakly Laske-
rian for all ¢ < n and Extj(R/I, M) is J-weakly Laskerian, then
Homp(R/I, H} ;(M)) is J-weakly Laskerian. As a consequence of The-
orem , we obtain a finite result of the set Assg(H} ;(M)/JHT ;(M))
(Corollary [2.11]).

The last Section deals with the modules which have support con-
tained in Max(R). An R-module M is weakly artinian if Supp(M) con-
tains only finitely many maximal ideals (see [5]). This is an extension of
artinian modules and it has a close relation to weakly Laskerian mod-
ules. Theoremsays that Hf ;(M)/JH{ ;(M) is weakly artinian if M
is a weakly Laskerian R-module with d = dim M. Moreover, if (R, m)
is a local ring, then H{ ;(M) is artinian or Supp(H{ ;(M)) is finite. A
relationship between the weakly artinianness of Hj ;(M) and Hj(M)

will be shown in Theorem [3.7] This section is closed by Theorem [3.11
which shows that if M is a weakly Laskerian R-module, then

inf{w — f — depth(a, M) | a € W(I,J)} = inf{i | H} ;(M) is not weakly artinian}
= inf{i | H} ,(M) % Hy, ,(M)}
—int{i | Hj (M) 3 Hi(M)}.
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2. ON COWEAKLY LASKERIAN MODULES

We first recall the definition and some properties of J-weakly Laske-
rian modules.

Definition 2.1. [I], 2.1] An R-module M is said to be J-weakly Laske-
rian if the set of associated primes of the J-torsion submodule of any

quotient module of M is finite; i.e., for any submodule N of M, the set
Assg(T'y(M/N)) is finite.

Lemma 2.2. [I] The following statements are true:

(i) The class of J-weakly Laskerian modules is closed under taking
submodules, quotients and extensions, i.e., it is a Serre subcat-
egory of the category of all R-modules. In particular, any finite
sum of J-weakly Laskerian modules is J-weakly Laskerian.

(ii) Let M and N be two R-modules. If M is finitely generated and
N is J-weakly Laskerian, then Exth(M,N) and Tor?(M, N)
are J-weakly Laskerian for all i > 0.

(iii) If M is a J-weakly Laskerian R-module, then T';(M) is weakly
Laskerian.

Definition 2.3. An R-module M is said to be (I, J)-coweakly Laske-
rian if Supp(M) C W(I,J) and Exty(R/I, M) is J-weakly Laskerian
for every ¢ > 0.

The class of (I,J)-coweakly Laskerian modules is larger than the
class of (I, J)-cofinite modules.

Here are some elementary properties of (1, .J)-coweakly Laskerian
modules.

Proposition 2.4. Let 0 - L — M — N — 0 be a short exact
sequence. If there are two modules which are (I, .J)-coweakly Laskerian,
then so is the third.

Proof. The short exact sequence 0 — L — M — N — 0 gives rise to a
long exact squence
oo = Bxth(R/I, L) — Exty(R/I, M) — Extly(R/I,N) — --- .

Note that Suppg(M) = Suppg(L) U Suppg(N). The assertion follows
from [1 2.2]. O
Proposition 2.5. Let M be an R-module and t a non-negative integer
such that Hj ;(M) is (I,J)-coweakly Laskerian for all i < t. Then
Ext’%(R/I, M) is J-weakly Laskerian for all i < t.
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Proof. The proof is by induction on t. When t = 0, since H? S(M)
is (I, J)-coweakly Laskerian, Homg(R/I, H} ;(M)) is J-weakly Laske-
rian. The claim in this case follows from the isomorphism

Homp(R/I,H} ;(M)) = Hompg(R/I, M).
Let t > 0, the short exact sequence

0— F[J(M) — M — M/FLJ(M) —0
induces a long exact sequence

- Bxt%(R/I, T ;(M)) — Exty(R/I, M) — Extly(R/I, M/T1 ;(M))--- .
Since I'y ;(M) is an (I, J)-coweakly Laskerian R-module,
ExtR(R/I,T1,7(M)) is J-weakly Laskerian for all i > 0. The proof is
complete by showing that Exty(R/I, M/T'; ;(M)) is J-weakly Laske-
rian for all + < t. Note that Hj ;(M) = Hj ;(M/Ty ;(M)) for all i > 0.
Let M = M/T; (M), E be an injective hull of M and L = E/M.
From the short exact sequence
0—-M—=E—L—0
there are isomorphisms
Hj ,(L) = HY (M) and Exty(R/1, L) = Ext'(R/1, M)

for all 7 > 0. By the assumption, Hj ;(L) is (I, .J)-coweakly Laske-
rian for all © < ¢ — 1. It follows from the inductive hypothesis that
Ext’(R/I, L) is J-weakly Laskerian for all i <t — 1. This implies that
Ext’%(R/I, M) is J-weakly Laskerian for all i < ¢. O

Corollary 2.6. Let M be an R-module such that Hj ;(M) is (I,J)-

coweakly Laskerian for all i > 0. Then Exth(R/I, M) is J-weakly
Laskerian for all v > 0.

We will show some conditions such that the module Hj ;(M) is
(I, J)-coweakly Laskerian for all ¢ > 0. The following result is an ex-
tension of [7, 2.9].

Theorem 2.7. Let M be an R-module such that Exty(R/I, M) is
J-weakly Laskerian for all i > 0. If n is a non-negative integer such
that Hj ;(M) is (I, J)-coweakly Laskerian for all i # n, then Hj ;(M)
is (I, J)-coweakly Laskerian.

Proof. We use induction on n. Whenn = 0 and M = M/T'; ;(M). Since

Hj (M) = Hj ;(M) for all i >0 and T'; ;(M) = 0, it follows from the
hypothesis that Hj ;(M) is (1, J)-coweakly Laskerian for all i > 0. By
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m Ext’%(R/I, M) is J-weakly Laskerian for all i > 0. Combining the
long exact sequence
o Exth(R/I,T; (M) — Extiy(R/I, M) — Exty(R/I, M) - -

with the assumption, we can conclude that Exty(R/1, H} ;(M)) is J-
weakly Laskerian for all 4 > 0. Hence H} ;(M) is (I, J)-coweakly Laske-
rian.

Now let n > 0 and the statement is true for all i < n. Let £/ be an
injective hull of M and L = E/M. From the short exact sequence

0—+M-—E—-L—0
there are isomorphisms
Hj ,(L) = Hj' (M) and Exty(R/I, L) = Extiy'(R/1, M)

for all i > 0. By the assumption, Hj ;(L) is (I, J)-coweakly Laskerian
for all i # n—1and Ext%(R/I, L) is J-weakly Laskerian for all i > 0. It
follows from the inductive hypothesis that H}';'(L) is (1, J)-coweakly

Laskerian. Therefore H} ;(M) is (I,.J)-coweakly Laskerian and the
proof is complete. O

Corollary 2.8. Let I be a principal ideal of R and M a J-weakly
Laskerian R-module. Then Hj ;(M) is (I,.J)-coweakly Laskerian for
all1> 0.

Proof. Tt follows from [10, 4.10] that H} ;(M) = 0 for all i > 1. By
[1, 2.3 (ii)], Extiz(R/I, M) is J-weakly Laskerian for all i > 0. The
conclusion follows from 2.7 O

Theorem 2.9. Let M be an R-module and n a non-negative integer
such that Hj ;(M) is (I,.J)-coweakly Laskerian for all i < n.
(i) IfExtRp(R/I, M) is J-weakly Laskerian, then Homg(R/I, H} ;(M))
18 J-weakly Laskerian.

(ii) If Exts"Y(R/I, M) is a J-weakly Laskerian R-module, then
Extn(R/I, HyY ;(M)) is J-weakly Laskerian.

(iii) If Exty" (R/I, M) and Ext};"™*(R/I, M) are J-weakly Laske-
rian, then Hompg(R/I, H?JEI(M)) is J-weakly Laskerian if and
only if Exty(R/1, H} ;(M)) is J-weakly Laskerian.

Proof. Let ' = Hompg(R/I,—) and G = I';;(—) be functors from
the category of R-modules to itself. For each R-module M, we have
FG(M) =Hompg(R/I,M). If E is an injective R-module, then
R'F(GE) =0 for all i > 0. By [8], 10.47] we have a spectral sequence

EY? = Exth(R/I, Hf ,(M)) —7> Exthr(R/1,M).



6 TRAN TUAN NAM, NGUYEN MINH TRI and NGUYEN THANH NAM

By the assumption, E5? is J-weakly Laskerian for all p > 0,q < n.
Let t be a non-negative integer, there is a filtration ® of submodules
of H' = ExtW(R/I, M)

OI(I)t+IHt gq)th g Q(I)lHt g (I)OHt:Ht
such that
Ei,(l)f—i o~ @th/q)i+1Ht
forall 0 <7 <¢.

(i) Since H® = Ext%(R/I, M) is J-weakly Laskerian, E%"~ is J-
weakly Laskerian for all 0 < i < n. On the other hand, we have

EY" = Bty = ker(EQ™ — EJY).

Since E™! is a subquotient of Ey', by the hypothesis E™! is J-weakly
Laskerian. This implies that E%" is J-weakly Laskerian. By the same
arguments, we can conclude that Eg "1,E2 " EY" are J-weakly
Laskerian. In particular, Homg(R/I, H} ;,(M)) = EY" is J-weakly
Laskerian, as required. ’

(ii) We consider the following spectral homomorphisms

0— El,n N ElJrr,nfrJrl
T

for all r > 2. We see that E,, = E.fy = ... = ELY" and EL"
is a subquotient of Extl"'(R/I, M). By the hypothesis, E.", and
Er+in=rtl are J-weakly Laskerian for all » > 2. On the other hand,
since B = ker(EM — Erthn=r+1) it follows that EM" is J-weakly
Laskerian for all » > 2.

(iii) We consider the following spectral homomorphisms

0,n+1

d
and
2,n
2.n d;’ r+2,n—r+1
0— E" — B

for all 7 > 3. Note that E>7, = E2 = ... = EX" = &2 H"H2 /3 +2,
Moreover, by the hypothesis H"*? = Ext};"?(R/I, M) and E!+2n-r+!
are J-weakly Laskerian for all » > 3. This implies that Eg" J-weakly
Laskerian. We see that E;" is J-weakly Laskerian if and only if ker d3"
is J-weakly Laskerian. Since E:" = kerds"/Imdy™ ™", it follows that
ker d5™ is J-weakly Laskerian if and only if Imdy"*" is J-weakly Laske-
rian if and only if Eg 1 s J-weakly Laskerian, and the proof is com-
plete. U
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Theorem 2.10. Let M be a J-weakly Laskerian R-module and n
a non-negative integer such that Hj ;(M) is (I,.J)-coweakly Laske-
rian for all i < n. Assume that N is a J-weakly Laskerian submod-
ule of H} ;(M) such that Extp(R/I, N) is J-weakly Laskerian. Then
Hompg(R/I, H} ;(M)/N) is J-weakly Laskerian.

Proof. The short exact sequence
0— N — Hf;(M)— Hj ;(M)/N — 0
induces an exact sequence
Hompg(R/I, H} ;(M)) — Hompg(R/I, H} ;(M)/N) — Exty(R/I, N).

By the assumption and it follows that Homg(R/I, H ;(M)/N) is
J-weakly Laskerian and the proof is complete. O

We now have a result about the finiteness of the set

Assq(Hj ,(M)/JH] (M)).

Corollary 2.11. Let M be a J-weakly Laskerian R-module and n a
non-negative integer such that Hj ;(M) is (I,.J)-coweakly Laskerian
foralli <mn. If JH} ;(M) is a J-weakly Laskerian R-module, then the
set Assp(HY ;(M)/JHY ;(M)) is finite.

Proof. Tt follows from [2.10] that Homg(R/I, H} ;,(M)/JH} ;(M)) is
weakly Laskerian. Note that H} ;(M)/JH} ;(M) is an I-torsion R-
module. Consequently,

Assp(H} ,(M)/JHT ;(M)) = Assg(Homp(R/I, Hf ;(M)/JH} ;(M)))
a finite set. 0

3. THE WEAKLY ARTINIANNESS OF LOCAL COHOMOLOGY MODULES

We begin by recalling the definition of weakly artinian modules. An
R-module M is said to be weakly artinian if Er(M), its injective en-
velope, can be written as Egr(M) = @), Er(R/m;)*o™:M)  where
my, ..., m, are maximal ideals of R. It follows from [5, 2.3 (a)] that
M is weakly artinian if and only if Supp(M) consists of finitely many
maximal ideals. All artinian modules are weakly artinian modules. The
class of weakly artinian modules is a Serre subcategory of the category
of R-modules. It should be mentioned that M is weakly artinian if and
only if M is weakly Laskerian and Supp(M) consists of maximal ideals
([B, 2.3]).

An R—module M is called I-torsion-free if I'/(M) = 0. It is well-
known that a finitely generated R—module M is I-torsion-free if and
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only if I contains a non-zerodivisor on M (]2} 2.1.1(ii)]). In the follow-
ing lemma we give a similar property for weakly Laskerian R—modules.

Lemma 3.1. Let I be an ideal of R and M a weakly Laskerian R-
module. Then M is an I-torsion-free R-module if and only if there is
an element x € I which is M -reqular.

Proof. The proof is similar to [2] 2.1.1(ii)], note that the set Ass(M) is
finite. U

We have a result on the weakly artinianness of local cohomology
modules with respect to a pair of ideals.

Proposition 3.2. Let M be a weakly artinian R-module. Then Hj ;(M)
1s weakly artinian for all i > 0.

Proof. By the hypothesis, we have dim M = 0 hence H}7 (M) =0 for
all i > 0. It follows from [5, 2.3 (c)] that H} ;(M) is weakly artinian,
which completes the proof. 0

It is well-known that if (R, m) is a local ring and M is a finitely gen-
erated R-module, then H (M) is artinian for all i > 0 (see [2]). Note
that, if M is an arbitrary R-module, then H (M) is weakly artinian
for all 7 > 0.

Proposition 3.3. Let (R,m) be a local ring and /I + J =m. Then
Hj ;(M)/JH} ;(M) is weakly artinian for all i > 0.

Proof. 1t follows from [10, 1.4] that H} ;(M) = H}, ;(M) for all i > 0.
Note that Supp(H}, ;(M)/JH}, ;(M)) € {m} and then the proof is
complete by [5, 2.3 (b)]. O

Hajikarimi proved in [5, 2.11] that if M is a weakly Laskerian R-
module of finite dimension d, then H¢(M) is weakly artinian. Chu and
Wang showed in [3], 2.1] that in a local ring and M is finitely generated
with dim M = d, the module H{ ;(M) is artinian. Now we give an
extension of these results in the case M is weakly Laskerian.

Theorem 3.4. Let M be a weakly Laskerian R-module with dim M =
d < oo. Then Hf ;(M)/JH{ ;(M) is weakly artinian.

Proof. We prove by induction on d. If d = 0, then Ass(M) C Max(R).
Moreover, Ass(M) is a finite set since M is weakly Laskerian. By [5]
2.3 (b)], M is weakly artinian and then H} ;(M)/JH} ;(M) is weakly
artinian.

Let d > 0. The short exact sequence

0—=>Ty(M)— M— M/T;(M)—0



Some properties of local cohomology modules 9

induces an exact sequence
Hj ,(T5(M)) — Hy (M) = Hf ;(M/T;(M)) = 0.
By [10, 2.5], Hf ;(T';(M)) = H{(T;(M)). Moreover, I';(M) is weakly
Lakerian with dim I';(M) < d, hence H¢(I';(M)) is weakly artinian by
[5, 2.11].
Let M = M/T ;(M), it is sufficient to show that H{ ,(M)/JH{ ;(M)
is weakly artinian. By there is an element 2 € J which is M-
regular. Now the short exact sequence
0—M-53M-— M/zM —0
gives rise to a long exact sequence
o= HENM 2 M) L 1Y (V) 5 B (M) — 0.
Since M /xM is weakly Laskerian with im(M/ xM) < d—1, we con-
clude that H}i,}l(M/xM )/ JH}{T,l(M J/xM) is weakly artinian by the
inductive hypothesis. The short exact sequence
0—Imf — H} (M) H} (M) =0
induces a long exact sequence
~Im f/JIm f — HY ;(M)/JH] ;(M) = Hf ;(M)/JH] ;(M) — 0.

Asx € J, it follows that H{ ,(M)/JH{ ;(M) is a homomorphic image of
Im f/JIm f. But Im f/JIm f is weakly artinian by [3, 2.3 (c)]. Hence
H{ ;(M)/JH{ ;(M) is weakly artinian. O

From the proof of [3.4] (i), we see that if dim(M/T ;(M)) < dim M,
then Hi"»M (M) is weakly artinian.

Corollary 3.5. Let M be a weakly Laskerian R-module with dim M =

d < co. Then Supp(H{ ;(M)/JH{ ;(M)) is finite.

Proposition 3.6. Let M be an R-module and n > 1 an integer such

that Supp(Hj ;(M)) € Max(R) for all i < n. If Extyp(R/I, JH} ;(M))

and Exty(R/I, M) are weakly Laskerian for alli < n, then Hj} ;(M)/JH} ;(M)
is weakly artinian for all i < n.

Proof. We prove by induction on n. Let n = 1, since Supp(H} ;(M)) C
Max(R) and O :r, ;) I is weakly Laskerian, by [5, 2.3(v)] 0 :r, ;) 1
is weakly artinian. The short exact sequence
0— JFLJ(M) — F[’J(M) — FLJ(M)/JP[’J(M) — 0
induces the following exact sequence
s HOIHR(R/]7 FLJ(M)) — HOIHR(R/], F[”](M)/JF[’J(M))
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— Extyh(R/I, JT (M) — Extyp(R/I, Ty (M) — -+

Note that the support of Exty(R/I, JT'; ;(M)) is contained in Max(R)
and it is weakly Laskerian. Therefore, Extp(R/I, JT; ;(M)) is weakly
artinian by [5), 2.3(v)]. This implies that Homg(R/I,T'; ;(M)/JT ;(M))
is weakly artinian. Moreover, I'; ;(M)/JT; ;(M)) is an I-torsion R-
module, it follows from [5, 2.8] that I'; ;(M)/JT; ;(M)) is weakly ar-
tinian.

Let n > 1 and assume that the statement is true for all t <n — 1. It
follows from [10, 1.13(4)] that H} ;' (M) = H}' ;' (M/T1 ;(M)). Now let
M = M/T;;(M) and E = E(M) be an injective hull of M. Note that
E is an I-torsion-free R-module and Suppy(H};'(M)) C Max(R). The
short exact sequence 7

0+M—E—E/M-—0
gives that

Hy 5% (E/M) = Hi 7 (M)
and

Exty(R/I,E/M) = Extd' (R/I, M)

for all ¢ > 0. Since I'; ;(M) is weakly artinian, by the assumption
Ext’(R/I, M) is weakly Laskerian for all i < n. Thus Ext%(R/I, E/M)
is weakly Laskerian for all i < n — 1. Now by the inductive hypothesis
H}2(E/M)/JH}*(E/M) is weakly artinian and then the proof is
complete. O

The following theorem establishes the relationship on the weakly
artinianness between Hj(M) and Hj ;(M).

Theorem 3.7. Let M be an R-module and t a non-negative integer.
Assume that Hj ;(M) is weakly artinian for all i < t. Then we have
the following statements.

(i) H{(M) is weakly artinian for all i <t and a € W (I, J).
(ii) Exty(R/a, M) is weakly artinian for alli <t and a € W(I,J).

Proof. (i) By [8, 10.47] there is a Grothendieck spectral sequence
B3t = HY(H] ;(M)) = HZ™(M).
’ p

Let n < t, there is a filtration ® of H" = H(M)
0=0""H"CO®"H" C...C®'H" C ®"H" = H}(M)

such that
E(i),on—i ~ cI)an/q)H-lHn
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Since Hj ;(M) is weakly artinian for all ¢ < ¢, we get dim Hf ;(M) =0
for all ¢ < t and then E5? =0 for all ¢ < ¢ and p > 0. Hence E£4 = 0
for all ¢ < t and p > 0. This implies that

P'H" =®*H"= ... =d""'H" =0
for all n < t. By the assumption, Ey" = Lo(HY ;(M)) is weakly artinian
for all n < t. We consider the homomorphisms of the spectral sequence

0= E;r,n+r71 N Eg,n N E;",nfr+1 =0
for all r > 2. It follows that
Ey" = E" = ... = E%".

Now the short exact sequence

0— ®'H" — H)M)— E%" —0

induces that Hp(M) = T'w(H} ;(M)) for all n < ¢, and the proof is
complete.
(ii) By [8, 10.47] there is a Grothendieck spectral sequence

B39 = Exth(R/ a, HY (M) = Bxty*(R/ a, M).
’ p

Let n < t, there are isomorphisms
Eci;onfi o~ (biHn/q)’iJrlHn
for all i < n and H® = Ext,(R/a, M). By the hypothesis Ey" is

weakly artinian for all 7 < n. Since E%"" is a subquotient of E;’"_Z,
E%"=" is weakly artinian. It should be mentioned that

EgLo—l,l o~ q)n—lHn/q)an o~ (I)n_lHn/Egéo.

Then ®"~! H™ is weakly artinian. By descending induction, we conclude
that ®*2H", ... ®°H" are weakly artinian which completes the proof.
O

Proposition 3.8. Let M be a finitely generated R—module and t a
non-negative integer. Assume that H}'J(R/]J) 1s weakly artinian for
all p € Supp(M) for alli < t. Then H}'J(M) is weakly artinian for all
1 < t.

Proof. Since M is finitely generated, there is a filtration of submodules
of M

such that M;/M,_1 = R/p; for some p; € Supp(M). The short exact

sequence
0—>Mj_1—>Mj—>R/pj—)O
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induces a long exact sequence
--o = Hj ;(M;_y) — Hj ;(M;) = Hj ;(R/p;) = - .

By induction on j, we conclude that Hj ;(M) is weakly artinian for all
1 <t. O

The weakly filter regular sequence has been introduced in [5] as an
extension of filter regular sequence. We will give a connection between
the length of weakly filter regular sequence and weakly artinianness of

Hj ;(M).

Definition 3.9. (5, 3.1]) Let (R, m) be a local ring, M an R-module
and x1,...,x, a sequence of elements in m. We say that x,...,x, is
a weakly filter M-regular sequence if for each ¢ = 1, ... n, the module
0 M/, ws)M Ti 18 Weakly artinian.

Definition 3.10. (|5, 3.5]) The weakly filter depth of a on M is defined
as the length of any maximal weakly filter M-regular sequence in a,
denoted by w — f—depth(a, M).

Now we can characterize w — f — depth(a, M) by the weakly artini-
anness of Hj ;(M).

Theorem 3.11. Let (R,m) be a local ring and M a weakly Laskerian
R-module. Then

inf{w — f — depth(a, M) | a € W(I,J)} = inf{i | H} ;(M) is not weakly artinian}

= inf{i | Hj ;(M) % Hy, ;(M)}

— int{i | Hj_,(M) % HL,(M)}.
Proof. Let us prove the first equality. Set n = inf{w— f —depth(a, M) |
a € W(I,.J)}. It follows from [, 2.3] that H’(M) is weakly artinian for
all i < n and for all a € W(I, J). Note that Hj (M) = 1~ii>n Hi(M)

aceW(1,J)
by [10} 3.2]. We have by [9} 2.1] that
Ass(HI, (M) € | Ass(HI(M)).
acW (I,J)
Since Ass(Hi(M)) C {m} for all i < n and a € W(I,.J), we see that
Ass(Hj ;(M)) € {m} for all i < n. Thus Hj ;(M) is weakly artinian
for all i <n and then n < inf{i | H} ;(M) is not weakly artinian}.
Let k = inf{i | H ;(M) is not weakly artinian}, it remains to prove

that £ < n. Suppose, contrary to our claim, that k& > n. Therefore
H} (M) is weakly artinian. It follows from [3.7] (ii) that Ext}(R/a, M)
is weakly artinian for all i« < n. By [5], 3.3], a contains a weakly filter
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M-regular sequence of length greater n for all a € W(I ,J). Hence
n < inf{w — f — depth(a, M) | a € W(I,J)}, a contradiction. Thus,

we have the first equality.
The remain equalities follow from [0, 2.7], note that the module
H} ;(M) is not weakly artinian if and only if Supp(Hj ;(M)) € {m}.
[
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